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a b s t r a c t
We construct ladder operators for spherical Bessel functions of arbitrary order. Our ladder
operators act independently on two parameters, one of which is the order of the spherical
Bessel function, while the other parameter is a multiplicative factor in the spherical Bessel
function’s argument.
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1. Introduction
Ladder operators are usually defined on function spaces, the elements of which are associated with a numerical param-
eter. Application of the ladder operator to a function thenmaintains the function’s form, while raising or lowering the value
of its parameter. Famous examples of ladder operators are found in Quantum Mechanics, where they raise or lower the
principal quantum number of functions within a discrete set of Schrödinger eigenstates. This way all eigenstates can be ob-
tained from a single eigenstate, just by repetitive application of a ladder operator [1]. There is a vast amount of literature on
ladder operators and its applications, e.g. to the Schrödinger eigenstates of Kratzer and Morse potentials [2], to angular mo-
menta [3,4], to trigonometric functions [5], to shape-invariant potentials [6], to Szego polynomials, [7], to the Dirac equation
with Coulomb potential [8] and many more. The purpose of the present paper is to construct ladder operators for spherical
Bessel functions, which arise in many fields of physics and engineering. Besides being solutions of the Schrödinger equation
for the infinite, radially symmetric potential well [1], applications of spherical Bessel functions include inverse scattering
theory [9], antenna pattern synthesis [10], acoustics [11] and more [12]. Moreover, a special case of spherical Bessel func-
tions is given by the sinc function, which has a large amount of applications in signal processing, for an introduction and
basic properties the reader may refer to [13]. Spherical Bessel functions are characterized by their order [14], a nonnegative
integer, which we will take as a parameter for the ladder operators to be constructed in this paper. Furthermore, we will
introduce a real multiplicative constant in the argument of the spherical Bessel function and take this constant as a second
parameter, such that the ladder operator acts independently on each of the two parameters. In the remainder of this paper,
Section 2 is devoted to the construction of our ladder operators, an application of which will be presented in Section 3.
2. Ladder operators for spherical Bessel functions
Letm ∈ R+ and let Vm be the vector space Vm := span(sin(mx), cos(mx)). Forµ, ν ∈ R+ withµ > ν the ladder operator
Aµ,ν for trigonometric functions is then defined as the following map [5]:
Aµ,ν : Vµ → Vµ+ν, Aµ,ν(v) :=
[
sin(νx)
µ
d
dx
+ cos (νx)
]
(v). (1)
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Thus, the ladder operator moves vectors between the different spaces of type Vm. In particular we have
Aµ,ν[sin(µx)] = sin[(µ+ ν)x], Aµ,ν[cos(µx)] = cos[(µ+ ν)x].
In order to extend the concept of ladder operators, we note the following connection between trigonometric functions and
spherical Bessel functions [14]
sin(mx) = mxj0(mx) cos(mx) = −mxy0(mx), (2)
where j0, y0 denote the zero-order spherical Bessel functions of first and second kind, respectively. Thus, we can also apply
the ladder operator (1) to the spherical Bessel functions of order zero:
Aµ,ν[xj0(µx)] = 1
µ
Aµ,ν[sin(µx)] = 1
µ
sin[(µ+ ν)x] = µ+ ν
µ
xj0[(µ+ ν)x].
In the same way we obtain
Aµ,ν[xy0(µx)] = µ+ ν
µ
xy0[(µ+ ν)x].
Note that the minus sign on the cosine term in (2) does not matter, as it cancels out by twofold application of (2). As is well
known [12], both of these spherical Bessel functions of order n ∈ N ∪ {0} satisfy the same recurrence relations, namely, for
kn ∈ {jn, yn}we have
xkn(mx) = 1m
(
d
dx
− n
x
)
xkn−1(mx) (3)
xkn−1(mx) = 1m
(
d
dx
+ n
x
)
xkn(mx). (4)
Let us now construct ladder operators for the spherical Bessel functions. To this end, we combine (1), (3) and (4), considering
the case n = 1:
xk1[(µ+ ν)x] = 1
µ+ ν
(
d
dx
− 1
x
)
xk0[(µ+ ν)x]
= µ
(µ+ ν)2
(
d
dx
− 1
x
)
Aµ,ν[xk0(µx)]
= µ
(µ+ ν)2
(
d
dx
− 1
x
)
Aµ,ν
[
1
µ
(
d
dx
+ 1
x
)
xk1(µx)
]
= 1
(µ+ ν)2
(
d
dx
− 1
x
)
Aµ,ν
[(
d
dx
+ 1
x
)
xk1(µx)
]
.
This process can be iterated to deliver the general case:
xkn((µ+ ν)x) = 1
(µ+ ν)n
n∏
j=1
(
d
dx
− j
x
)
xk0[(µ+ ν)x]
= µ
(µ+ ν)n+1
n∏
j=1
(
d
dx
− j
x
)
Aµ,ν[xk0(µx)]
= µ
n−1
(µ+ ν)n+1
n∏
j=1
(
d
dx
− j
x
)
Aµ,ν
[
n∏
j=1
(
d
dx
+ j
x
)
xkn(µx)
]
. (5)
On employing the explicit form of Aµ,ν as given in (1), we summarize our above findings as follows: form ∈ R+ and n ∈ N
let V nm be the vector space V
n
m := span(xjn(mx), xyn(mx)). Forµ, ν ∈ R+ withµ > ν and k ∈ N the ladder operatorAµ,ν for
spherical Bessel functions is given as follows:
Aµ,ν : V kµ → V kµ+ν,
Aµ,ν(v) := µ
k−1
(µ+ ν)k+1
[
k∏
j=1
(
d
dx
− j
x
)][
sin(νx)
µ
d
dx
+ cos (νx)
][ k∏
j=1
(
d
dx
+ j
x
)]
(v). (6)
Hence, this differential operator of order 2k + 1 maps functions of spherical Bessel type multiplied by the independent
variable onto themselves, retaining their order while changing their argument’s factor. From the above considerations
we can also define a ladder operator Akµ,ν that connects the zero-order spherical Bessel functions with their nth order
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counterparts: using the same parameter settings as for Aµ,ν and the explicit form of Aµ,ν as given in (1), we define by
means of (5)
Akµ,ν : Vµ → V kµ+ν,
Akµ,ν(v) :=
µk−1
(µ+ ν)k+1
[
k∏
j=1
(
d
dx
− j
x
)][
sin(νx)
µ
d
dx
+ cos (νx)
]
(v).
This differential operator of order k + 1 is defined on Vµ, that is, zero-order spherical Bessel functions. It raises their order
to k and changes their argument’s factor.
3. Application
Consider the stationary Schrödinger equation in atomic units
ψ ′′(x)+
[
E − k(k+ 1)
x2
]
ψ(x) = 0, (7)
where E ∈ R, E 6= 0 is the stationary energy and k ∈ N ∪ {0} is arbitrary. We impose the following Dirichlet boundary
conditions:
ψ(0) = ψ(1) = 0. (8)
In the simplest case k = 0, Eq. (7) has the general solution
ψ(x) = a sin
(√
Ex
)
+ b cos
(√
Ex
)
,
where a, b ∈ R. This means that for fixed E we have ψ ∈ V√E . Now, taking into account the boundary conditions (8), we
obtain the discrete energy spectrum (Eµ), the explicit form of which reads
Eµ = pi2µ2,
where µ ∈ N. The corresponding solution set (ψµ) ⊂⋃µ∈N Vpiµ is given by
ψµ(x) = sin(piµx). (9)
Now we proceed to the case k = 1. To this end, note that according to (2), the solution (9) can also be written in the form
ψµ(x) = xj0(piµx), (10)
where we omitted an irrelevant constant. In order to obtain the solution of our problem (7)–(8), we now make use of our
ladder operator (6) by applying it to the solution (10). To this end, let z 6= 0 be the smallest positive zero of the spherical
Bessel function j1 and let ν = z − piµ. We obtain
A1µ,ν(ψµ) =
µ
(µ+ ν)2
(
d
dx
− j
x
)
Aµ,ν[xj0(piµx)]
= xj1[(piµ+ ν)x]. (11)
Let us abbreviate ψ1µ(x) = xj1[(piµ + ν)x], then clearly ψ1µ ∈ V 1piµ+ν . This function is a solution of Eq. (7) for k = 1.
Furthermore, Taylor expansion around zero gives
xj1(x) = 13x
2 + o (x3) ,
which implies thatψ1µ vanishes at zero and thus satisfies the first boundary condition in (8). Furthermore, since ν = z−piµ,
we have ψ1µ(1) = j1(z) = 0, which means that the second boundary condition is also fulfilled. Now let us generalize to the
case of arbitrary k. To this end, we apply our ladder operator (6) to ψµ, as given in (10). Let z 6= 0 be the smallest positive
zero of the spherical Bessel function jk and let ν = z − piµ. We obtain
Akµ,ν(ψµ) =
[
µ
(µ+ ν)k+1
k∏
j=1
(
d
dx
− j
x
)
Aµ,ν
]
[xj0(piµx)]
= xjk[(piµ+ ν)x]. (12)
We abbreviateψkµ(x) = xjk[(piµ+ ν)x]. The functionψkµ ∈ V kpiµ+ν is a solution of Eq. (7) for arbitrary k. Furthermore, Taylor
expansion around zero gives
xjk(x) =
√
pi
2k+10
(
k+ 32
)xk+1 + o (xk+3) , (13)
where 0 stands for the Gamma function. Now, (13) implies that ψkµ vanishes at zero and thus satisfies the first boundary
condition in (8). Furthermore, since ν = z − piµ, we have ψkµ(1) = jk(z) = 0, which means that the second boundary
condition is also fulfilled.
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4. Conclusions
We have constructed two-parameter ladder operators for spherical Bessel functions, acting on their order and on
a multiplicative factor in their argument. Thus, any spherical Bessel function with arbitrary multiplicative factor in its
argument can be generated by iterative application of our ladder operators to spherical Bessel functions of order zero.
Acknowledgements
We thank S.-H. Dong for the helpful discussions. This work was partially supported by COFAA-IPN, project SIP-IPN
#20090231 and SNI-México.
References
[1] A. Messiah, Quantum Mechanics, Dover Publications, 1999.
[2] A. Singh, B. Devi, Ladder operators for the Kratzer oscillator and the Morse potential, Int. J. Quantum Chem. 106 (2006) 415–425.
[3] Z.-X. Ni, Nonlinear Lie algebra and ladder operators for orbital angular momentum, J. Phys. A 32 (1999) 2217–2224.
[4] H. Choi, J.H. Woo, J.W. Wu, Ladder operators formalism for optical angular momentum transfer and space-variant Pancharatnam–Berry phase, J. Opt.
Soc. Amer. B 25 (2008) 491–494.
[5] J. García-Ravelo, A. Queijeiro, R. Cuevas, J.J. Peña, J. Morales, The general addition theorem and ladder operators, Appl. Math. Lett. 20 (2007) 758–763.
[6] E.D. Filho, R.M. Ricotta, Ladder operators for subtle hidden shape-invariant potentials, J. Phys. A 37 (2004) 10057–10064.
[7] M.E.H. Ismail, M. Rahman, Ladder operators for Szego polynomials and related biorthogonal rational functions, Proc. Amer. Math. Soc. 124 (1996)
2149–2159.
[8] R. de Lima Rodrigues, Generalized ladder operators for the Dirac–Coulomb problem via SUSY QM, Phys. Lett. A 326 (2004) 42–46.
[9] S.B. Al-Ruwaili, H.A. Mavromatis, Quadratic spherical bessel functions and the inverse scattering problem, Internat. J. Theoret. Phys. 35 (1996)
2207–2212.
[10] H.-P. Chang, Antenna pattern synthesis utilizing spherical Bessel functions, IEEE Trans. Antennas Propag. 48 (2000) 853–859.
[11] H. Liu, J. Zou, Zeros of the Bessel and spherical Bessel functions and their applications for uniqueness in inverse acoustic obstacle scattering, IMA J.
Appl. Math. 72 (2007) 817–831.
[12] E. Butkov, Mathematical Physics, Addison-Wesley, 1973.
[13] J.P. Boyd, Chebyshev and Fourier Spectral Methods, Dover Publications, 2001.
[14] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Dover, 1964.
